Abstract For many-body systems with short range interaction a series of relations were derived connecting many properties of the system to the dynamics of a closely packed few-body subsystems. Some of these relations were experimentally verified in ultra cold atomic gases. Here we shall review the implications of these developments on our understanding of nuclear one and two-body momentum distributions, and on the electron scattering Coulomb sum rule.
Experiments done in two-component ultra-cold atomic Fermi gases, such as 40 K [3, 4] and 6 Li [5, 6, 7] , have tested the Tan relations. Using different experimental techniques and comparing several observables with the predictions of the universal theory, the Tan relations were verified. Following Tan's seminal work on two-component fermions, similar relations were derived for one-component fermions, and for bosons. Due to the Pauli principle, in a system of one-component fermions, the low energy interaction is predominantly p-wave. In this case, the momentum distribution n(k) falls as 1/k 2 for large momentum and the correponding contact is given by C = lim k→∞ k 2 n(k) [31] .
The Tan relations for bosons interacting via zero-range force, have much in common with a system of two-component fermions. The main difference is the emergence of important 3-body correlations associated with the 3-body force [32] , that appear in low energy effective theory (For a review, see e.g. Ref. [33] ) to prevent the Thomas collapse [34] . In this case the high momentum tail of the momentum distribution aquires a 1/k 5 component modulated by a log-periodic function associated with the Efimov effect [35] .
The atomic nuclei exhibit some key properties similar to these idealized systems. They are made of fermions, the nuclear force is short range, and the scattering length is much larger than the potential range. Therefore one expects SRCs to play an important role in nuclear physics (for literature see for example [8, 21, 23, 9, 22, 18, 10, 11, 12] ), and the notion of the contact to be a useful concept in this context.
To apply Tan's ideas to nuclear systems we need to note also the differences between the atomic nuclei and the aforementioned systems. The nucleon can be regarded as a four-component fermion N = (p↑, p↓, n↑, n↓), the protons are charged particles interacting via the long range Coulomb force, and most importantly the range of the nuclear force (dictated by the pion mass mπ) in not much shorter than the average interparticle distance, therefore the "zero range" approximation doesn't really hold.
The similarities between atomic nuclei and "zero-range" fermionic or bosonic systems suggest that the contact formalism can be a good starting point to study nuclear systems. The differences suggest that Tan's ideas must be generalized to accommodate nuclear systems, and that different or modified "relations" are expected to hold. For example, there is no obvious reason to assume that the asymptotic tail of the nuclear momentum distribution will take on Tan's form lim k→∞ n(k) = C/k 4 . In the last couple of years the utility of the contact formalism in nuclear physics was started to be explored. The neutron-proton s-wave nuclear contacts have been defined and evaluated [14, 15] , relating their value to the Levinger photoabsorption constant [8, 25] , and to high energy inclusive electron scattering [15, 24] . Considering not only s-wave but all partial waves, as well as finite-range interactions instead of zero-range, it was found that the nuclear SRCs are governed by a set of contact matrices [13] . Using this generalized contact formalism to relate the nuclear contacts to the one-nucleon and two-nucleon momentum distributions, an asymptotic relation between these two distributions was established [13] , which is relevant to the study of SRCs in nuclei. This relation was verified using available numerical data [11] . The contact formalism was further applied to study the nuclear equation of state and symmetry energy (see e.g. [36] and references therein).
In this paper we first review Tan's relations for one-body and two-body momentum distributions, and their generalization to different ideal systems, Sec. 2. Then in Sec. 3 we present the generalization of these relations to nuclear systems [13] . Finally we utilize this formalism to derive the asymptotic behavior of the electron scattering Coulomb sum rule, Sec. 4.
Given our limited understanding of the role of 3-body effects in nuclear SRCs, throughout this paper we focus on the nuclear two-body contacts, and their applications. 2 Tan's contact -the single channel case Consider an N -particle system that obeys Tan's assumptions (i.e. as, d ≫ R pot , and k ≪ 1/R pot ), and is dominated by a single interaction channel such as an s-wave interaction in low energy Bose gas, or p-wave in a single-component Fermi gas. In such a gas, when interacting particle pair (ij) get close together, the manybody wave function Ψ can be factorized into a product of an asymptotic pair wave function ϕ(r ij ), r ij = r i − r j , and a function A, also called the regular part of Ψ , describing the residual N − 2 particle system and the pair's center of mass R ij = (r i + r j )/2 motion [1, 19] ,
The asymptotic pair wave function ϕ depends on the interparticle potential and the dominant channel. In particular, in the zero-range model [20] the s-wave function is given by ϕ = (1/r ij − 1/as), where as is the scattering length. The contact C is then defined by [1, 19] 
where
and N pairs is the number of interacting pairs. For a Bose or single-component Fermi gas
Working in the momentum space,
the short range factorization takes on the form of high momentum factorization. When a particle pair ij approach each other r ij −→ 0 the relative momentum
where K ij = k i +k j ,φ is the Fourier transform of ϕ, andÃ is the Fourier transform of A.
Using these definitions it is easy to see that the contact can be equivalently written as
For finite systems such as nuclei and for non homogeneous infinite matter it can be important to consider two-body center of mass (CM) effects. Therefore it is convenient to introduce the contact function [1] 
An equivalent expression can also be derived for C(R ij ). Comparing eqs. (7) and (8) we see that the relation between the contact and the cotact function is given through the integral
In the following sections we will present the application of these definitions to derive Tan's relations for the one and two-body momentum distributions. For simplicity we first start with the two-body case.
The two-nucleon momentum distribution
Consider now a pair of particles ij with relative momentum k and CM momentum K. We denote by f (k + K/2, −k + K/2) the density probability to find particle i with momentum k i = k + K/2 and particle j with momentum
We immediately see that
Here f is normalized in such away that
For very large relative momentum the main contribution to f (k i , k j ) comes from the asymptotic k → ∞ part of the wave function, given in Eq. (5). All other terms will vanish due to the fast oscillating exp(ik · r ij ) factor. Using Eq. (5) and substitutingΨ into Eq. (10), we get
(11)
Thus we see that in the limit k −→ ∞ the two-body momentum distribution is given by a product of the contact function and the universal momentum distribution |φ(k)| 2 . For particles interacting via zero-range s-wave potential ϕ ≈ (1/r − 1/a) andφ ≈ 4π/k 2 . Similarly for the p-wave caseφ ≈ 4π/k.
The probability density to find a pair with relative momentum k is obtained by integrating over the CM momentum
Utilizing now the relation between the contact function and the contact we can now substitute the asymptotic form of f , Eq. (11), to get
2.2 The one-body momentum distribution
We would like to relate now the contact also to the single particle momentum distribution. To this end we will follow Tan's derivation for the two-body case [1] .
To simplify the notation for the moment we will only consider the case of bosons and one-component fermions.
Normalized to the number of particles in the system, dk (2π) 3 n(k) = N , the single particle momentum distribution n(k) is given by
where p is any particle. In the k −→ ∞ limit the main contribution to n(k) emerges from the asymptotic parts of the wave function, i.e. from rps = |rp − rs| → 0, for any particle s = p. In this limitΨ
where Kps = kp + ks is the center of mass momentum of the ps pair. We note that k is fixed in (14) while integrating over all other momenta. Therefore we can replace the integration dks with integration over the pair's center of mass momentum dKps. Substituting this result into Eq. (14), we get summations over particles s and s ′ different from p. The contribution of non diagonal s = s ′ terms, will be significant only for ks ≈ k s ′ ≈ −k, due to the regularity of A. In this case k, ks, k s ′ → ∞ together, which is clearly a three body effect, and we expect it to be less important than the leading two-body contribution [17] . Consequently, we only consider the diagonal elements and obtain
Deriving this result we have utilized the definition of the contact function, Eq. (8). The prefactor 2, results from the number of interacting pairs that for bosons or one-component fermions is given by N pairs = N (N − 1)/2. Consequently, for two-component fermions one obtains the same result up to this factor of 2.
Since A is regular, we expect C(K) to be significant only for Kps of the order of the average interparticle distance 1/d. Therefore K can be considered to be much smaller than k. Expanding |φ| 2 around k,
and keeping only the leading order, which is a good approximation for any powerlaw function, we obtain
Substituting now the universal s-wave functionφ(k) ≈ 4π/k 2 we obtain Tan's result for two-component Fermi gas n(k) = C/k 4 , recalling of course that for a two-component Fermi gas the factor of 2 disappears.
Comparing Eqs. (18) and Eq. (13), we can see that for k −→ ∞ there is a simple relation between the one-body and the two-body momentum distributions. For bosons or one-component fermions:
and for two-component fermions
3 The nuclear contact matrices -the multi channel case
Turning now to consider nuclear physics, we regard the nucleons as four-component fermions, which are the protons and neutrons with their spin being either up or down (p ↑, p ↓, n ↑, n ↓). As a result in the most simplistic model of the nuclear interaction one needs to consider at least two contacts [14] , and in reality one needs to consider strong coupling between channels, such as s-wave and d-wave mixture in the deuteron. As a result, when extending the contact formalism to nuclear physics one needs to consider the different interaction channels and the possible couplings between them. Here we shall follow reference [13] . When a nucleon i gets close to nucleon j, we must abandon the factorization ansatz and write the wave function as a sum of products of two-body terms ϕ ij and A − 2-body terms A ij , taking into account all possible channels. The asymptotic form of the wave function is then given by
We note that due to symmetry the asymptotic functions are invariant under same particle permutations. Therefore the index ij is an indicator to the particle pair type, i.e. proton-proton (pp), neutron-neutron (nn) or neutron-proton (np). The pair wave functions depend on the total spin of the pair s 2 , and its angular momentum quantum number ℓ 2 (with respect to the relative coordinate r ij ) which are coupled to create the total pair angular momentum j 2 and projection m 2 . The quantum numbers (s 2 , ℓ 2 , j 2 , m 2 ) define the pair's channel. In general, the expansion (21) may contain more then one term per channel, however in the limit r ij → 0 only the leading term survives. In short, the sum over α denotes a sum over the four channel quantum numbers (s 2 , ℓ 2 , j 2 , m 2 ).
To ensure an A-body wave function with total angular momentum J and projection M the regular functions A 
where J A−2 and M A−2 are the angular momentum quantum numbers with respect to the sum J A−2 + L 2,CM of the total angular momentum of the residual (A − 2) particles J A−2 , and the orbital angular momentum L 2,CM corresponding to
is a set of functions with angular momentum quantum numbers J A−2 and M A−2 , which depends also on the numbers s 2 , ℓ 2 , j 2 .
where χs 2 µs is the two-body spin function, and Y ℓm are the spherical harmonics.
An important property of the set of asymptotic functions {ϕ α ij } is that they are "universal", in the limited sense that they do not depend on a specific nucleus or on a specific nuclear state. However, they can depend on the details of the nuclear potential and therefore cannot be related in a simple manner to the low energy scattering parameters.
Since the A α ij functions are not generally orthogonal for different α, we are led to define matrices of nuclear contacts in the following way [13] :
As before,Ã α ij is the Fourier transform of A α ij , ij stands for one of the pairs: pp, nn or np, N ij is the number of ij pairs, and α and β are the matrix indices. Since the magnetic quantum number M is usually unknown in experiments, it is useful to define the averaged nuclear contacts.
In a similar fashion we can generalize the contact function (Eq. (8)) and define the contact matrix function taking into account CM effects
(25) In general the matrices C αβ ij are built from 2 × 2 blocks, except for the two 1 × 1 blocks associated with the j 2 = 0 case. Each block has a well defined j 2 , m 2 values. A detailed discussion of the structure of the matrices C αβ ij is given in [13] . It should be mentioned that the factorization of the wave function given in Eq. (21) was used before in the study of nuclear SRCs, see e.g. [23] and references therein. In these works the relation between the asymptotic many-body wave function and the deuteron wave function was utilized, and the corresponding contact was defined, see e.g. [21] Eq. (29) . However, it was assumed that the nuclear contact is a single number and the general structure of nuclear contact matrix was not defined or analyzed. In the following we will demonstrate the utility of the general contact formalism, deriving analytic relations between the nuclear one-body and two-body momentum distributions.
The nuclear two-nucleon momentum distribution
Now we can utilize the generalized contact formalism to find a relation between the two-nucleon momentum distribution and the nuclear contacts. To this end we define f JM ij (k i , k j ) to be the two-body momentum distribution of the ij pair associated with a nuclear state Ψ with magnetic projection M , and k j ) to be the averaged two-body momentum distribution. Following the footsteps and the arguments presented in Sec. 2.1 we can immediately get for k −→ ∞
Accordingly, we see that if
then asymptotically [13] 
The nuclear one-nucleon momentum distribution
In a similar way we can adress the asymptotic one-nucleon momentum distribution. We consider first the proton's momentum distribution np(k). For convenience we will define np(k) = M n JM p (k)/(2J + 1) to be the magnetic projection averaged proton momentum distribution. Normalized to the number of protons in the system Z,
is given by
where p is any proton. Following the arguments leading to Eq. (16) we see that
We will now divide the sum s =p into a sum over protons and a sum over neutrons are the same for all pp ′ pairs we can take them out of the sum. The same holds for the np pairs. As a result we get
Expandingφ α pn (k − K/2) around k and keeping the leading term we obtain
Similarly, for the neutrons:
Comparing Eqs. (32) and (33) to Eq. (28), we can see that for k −→ ∞ there is a simple relation between the one-nucleon and the two-nucleon momentum distributions [13] :
These connections are the nuclear analog of Eqs. (19) and (20) . Their validity was verified in [13] utilizing the numerical data of Ref. [11] .
The Coulomb sum rule
Sum rules are useful tools in many fields of physics. In nuclear physics, they typically involve an integration of the response function, associated with transitions between the ground state and excited states due to an external probe, over the spectrum with a weight function composed of integer powers of the energy. The Coulomb sum rule (CSR) is the integral over the inelastic part of the longitudinal electron scattering nuclear response function. The CSR dates back to 1931 when Heisenberg studied the photoabsorption cross-section of x-rays with momentum q by atoms. Its formulation for electron scattering is due to Drell and Schwartz [28] , and McVoy and Van Hove [29] . Assuming point-like particles, the CSR can be expressed as [30] CSR
is the Fourier transform of the charge density operatorρc(r) = Z j=1 δ(r − r j ). The sum in Eq. (37) is understood to include protons only as essentially the CSR is a measure of charge fluctuations in the nucleus. Substituting the charge density operator (37) into (36) , one gets
where the first contribution on the right-hand side (rhs) comes from the i = j term in the sum. Due to the rapidly oscillating exponent, in the q −→ ∞ limit the matrix element on the rhs will be dominated by the behavior of the wave-function when two protons approach each other. In this limit we can replace the wave-function by its asymptotic form (21) and obtain
is a universal proton-proton function independent of the particular nucleus or its quantum state. Averaging this result over the magnetic projection M and utilizing Eq. (24) we finally get for q → ∞
where ρc(q) = Ψ |ρc(q)|Ψ is the nuclear charge distribution. Equation (41) relates the CSR to the proton-proton contact, as ultimately it should, since the CSR is a measure of charge fluctuations in the nucleus and on short length scales these are completely dominated by two protons coming close together. The CSR can be effectively probed experimentally in deep inelastic electron scattering experiments in which the virtual photon explores medium and short internucleon distances. In this regime the longitudinal nuclear structure function is sensitive to the pp SRCs which can modify the way the CSR approaches its model independent limit. The connection between the CSR and the contact provides a principle way to extract the proton-proton contacts from the available experimental electron scattering data. We note that the CSR for point-like particles is closely related to a quantity called the static structure factor, which was previously shown to be related to the single-channel s-wave contact for two-component fermions in the zero-range case [26, 27] .
Summary
Summing up, we have reviewed the derivation of Tan's relation for the one and two-body momentum distributions and their generalization to nuclear physics. Though Tan's relations were originally experimentally established for cold atomic systems [3, 4, 5, 6, 7] , due to their universality they are also of significance in nuclear physics in which the energy scales are orders of magnitude larger and length scales are many orders of magnitude smaller. We have seen that the asymptotic k −→ ∞ tail of these distributions can be written as a product of the contact matrix and a universal two-body function, highlighting the role of few-body dynamics within a larger many-body system. In general, the contact is a measure for the probability of finding a particle pair close to each other, it is thus a measure of the nuclear SRCs. While mean-field calculations provide important information on the nuclear shell structure, they do not constitute a full description of the structure of nuclei. Especially, deviations are large for small, dense nuclear structures. It is long been known that the strong, short-range component of the nucleon-nucleon potential generates a highmomentum tail in the nucleon momentum distribution. We have demonstrated how this phenomena can be described in terms of the contact. Employing highenergy electromagnetic probes, short scale fluctuations in the nucleus can be studied and information can thus be obtained regarding the different nuclear contacts. Whereas in [13, 14, 15, 16, 24] a connection was found between the different nuclear np contacts and electromagnetic experimental rates, in this paper we have shown how short range charge fluctuations are connected to the pp contact. Thus different experiments can help extract information on the different nuclear contacts which can in turn help us better understand the details of the short range nuclear structure.
